We study topological features of interacting spin-1 2 particles in one-dimensional state-dependent optical lattices. Due to the co-translational symmetry, we introduce the center-of-mass Zak phase with the help of center-of-mass momentum. There appear topological bound states composed by two particles in different spin states via tuning hopping and interaction strengths. Under symmetric open boundary conditions, topological edge bound-states appear as a result of the non-trivial center-ofmass Zak phase of bound-state band, which is protected by the center-of-mass inversion symmetry. The interaction plays a crucial role in the appearance of topological bound states and the system becomes completely trivial if the interaction is switched off. By periodically modulating the hopping and interaction strengths, we show how to implement topological Thouless pumping of bound states, in which the quantized shift of center-of-mass can be described by a non-trivial center-of-mass Chern number.
I. INTRODUCTION
Topological band theory provides a general framework to explain topological features via topological invariants defined with single-particle energy bands. It can be traced back to the great success in explaining quantum Hall effects (QHE) [1] , in which a so-called TKNN invariant (i.e. Chern number) is used to distinguish different phases of matters. Later on, Chern number was linked to the quantized charge pumping in one-dimensional (1D) periodically modulated lattices [2] , which has the same origin as QHE. For decades, topological band theory plays a key role in identifying topological states and exploring topological materials [3] [4] [5] . Topological band theory works well for non-interacting systems, in which the single-particle quasi-momentum is a good quantum number.
However, for a general interacting many-body system, conventional topological band theory fails as the interparticle interaction breaks down the single-particle translation symmetry. To overcome this problem, a method based on twisted boundary condition (TBC) has been utilized to analyze the many-body topological effects [6] . Another alternative method is the generalized topological band theory regarding the center-of-mass (c.m.) momentum [7, 8] . Recently, topological bound states have been found in various systems, such as, Su-Schrieffer-Heeger (SSH) model [9] [10] [11] [12] , XXZ chain [13] , Haldane model [14] , Hofstadter superlattice model [8] , Rice-Mele model [7] , and Floquet system [15] . Among these models, we note that they may support topological states even in the absence of interaction. A natural question arises: are there * Email: lichaoh2@mail.sysu.edu.cn; chleecn@gmail.com topological states in an interacting multi-particle system whose non-interacting counterpart does not support any topological state? Furthermore, due to the interaction, some discrete symmetries essential to topology are reduced, such as chiral symmetry and inversion symmetry. It is known that, without any symmetry, all 1D insulating systems are topologically equivalent [16] [17] [18] . Therefore, we are wondering if any essential discrete symmetry is still preserved in 1D interacting systems.
In this work, we study interacting spin-1/2 particles in a one-dimensional state-dependent lattice, in which the hopping strengthens are state-dependent and interaction strengthens are distance-dependent. We first calculate the two-particle energy bands with respect to c.m. momentum. We find the existence of interaction-induced topological bound states which are characterized by c.m. Zak phase. Remarkably, the topological bound states is protected by the c.m. inversion symmetry, and the c.m. Zak phase is quantized if the interspecies interactions are the same. The topological edge bound-states under open boundary conditions are supported by nontrivial two-body Zak phases, indicating the existence of bulk-boundary correspondence in the interacting systems. Moreover, we propose a scheme of implementing topological Thouless pumping via modulating the interactions and tunnelings. The non-trivial c.m. Chern number indicates a quantized shift of c.m. position, which is verified by our numerical simulation. We emphasize that both the topological bound state and the topological transport are completely induced by interaction effects.
The paper is organized as follows. In Sec. II A, we introduce the c.m. Zak phase and Chern number based upon the c.m. momentum. In Sec. II B, we describe our two-particle system in a 1D state-dependent optical lattice. In Sec. II C, we calculate the Bloch Hamilto-nian and give the energy band structure with respect to the c.m. momentum. In Sec. II D, we investigate the topology of the isolated bands with the help of c.m. Zak phase. In Sec. III, we propose a scheme to implement the interaction-induced topological Thouless pumping. Finally, we give a summary and discuss our results in Sec. IV.
II. COTRANSLATIONAL SYMMETRY AND CENTER-OF-MASS ZAK PHASE
A. General formalism
For interacting system under the periodic boundary condition (PBC), the quasi-momentum of single particle is no more the conserved quantity. Considering interaction that only depends on relative position between particles, the Hamiltonian
is invariant under the cotranslation of all N particles through a unit cell in one-dimensional lattice with periodic boundary condition [8, 13] . For simplicity, we consider a normal 1D lattice here. The cotranslation operation is formulated bŷ T |r 1 , r 2 , ..., r N = |r 1 + 1, r 2 + 1, ..., r N + 1 , (2) whereT is the cotranslation operator, r N denotes the position of N th particle. The lattice constant is set to unity a = 1 by default. With the cotranslation symmetry, one has [Ĥ,T ] = 0. The corresponding conserved quantity is the center-of-mass (c.m.) quasi momentum K of all particles. Before proceeding further, we introduce the concept of seed basis [7] . Generally speaking, the seed basis are all the possible states that can not be generated to each other by cotranslation operatorT . The total number of seed basis depends on the number of particles and the geometry of lattice. Physically, each element of the seed basis corresponds to a certain distribution of particles, and we shall denote this set as {|r 1 , ..., r N }. The choice of seed basis seems to be somewhat arbitrary. For example, given a certain particle distribution r 1 , ..., r N , one can choose either |r 1 , ..., r N or |r 1 + d, ..., r N + d , d ∈ Z as one of the seed basis. In fact, different choices of seed basis correspond to different gauge choices for |K, α [19] . Although the choice of gauge do not affect the energy bands, it may affect the calculation of Berry phase. We would like to remark that different elements of seed basis can be considered as different virtual "orbits" labelled by α. In this angle, the many-body system can be considered as a single quasiparticle. Thus, the generalization from band theory of single particle to the many-body case is quite natural and reasonable.
Eigenstates of cotranslation operatorT are found to be the superposition of a series states generated by the any of the given seed basis
where L is the number of total cells, |{r α } + l ≡ |r 1 + l, r 2 + l, ..., r N + l , and {r α } denotes one of the given seed basis |r 1 , r 2 , ..., r N which is characterized by α. The eigenvalues ofT can be derived aŝ T |K,α = l e iK(l+Σiri)T |r 1 + l, ..., r N + l = l e iK(l+Σiri) |r 1 + (l + 1), ..., r N + (l + 1)
For a periodic lattice,T L is an identity matrix, and therefore e −iLK = 1, K = 2πn/L, n ∈ Z. The Hamiltonian can be block-diagonalized as the summation of Bloch Hamiltonians with momentum K,
where H α ,α (K) = K, α |Ĥ|K, α .
The eigenstates ofĤ(K) are the linear combinations of seed basis
in which {α} implies the summation of |K, α with respect to all seed basis labelled by α. By solving the eigenvalue problem of H(K), one can obtain the eigenvectors u n K,α and eigenvalues E n K . The Brillouin Zone (B.Z.) with respect to c.m. momentum K forms a manifold, it is natrual to investigate the topology of this manifold. Here, with respect to the c.m. momentum, we introduce the concepts of c.m. Zak phase [20] 
for 1D system (we mention it as Zak phase for short in the following), and c.m. Chern number [7] 
for (1+1)D system where the Hamiltonian is periodically modulated with period T . This is quite similar to the well-known topological band theory in non-interacting system. It has been shown that the c.m. shift of multi-particle Wannier state is related to the c.m. Chern number [7] in the topological pumping process. It is tempting to investigate the physical interpretation of c.m. Zak phase. According to the modern theory of polarization, it is known that the Zak phase in the non-interacting case is related to the Wannier center (or band center [20, 21] ) within the unit cell [22, 23] . Next, we will use a similar method to show explicitly that the c.m. Zak phase is related to the c.m. position.
Firstly, the multi-particle Wannier function centered at R 0 for an isolated band can be defined as
where |ψ n K is the many-body Bloch state with respect to the c.m. momentum introduced in Eq. (7), and L is the number of total cells. Next, we introduce the c.m. position operatorR such thatR|r 1 , r 2 , ..., r N = ( i r i /N )|r 1 , r 2 , ..., r N . Then we would like to calculate the expectation value ofR with respect to |w n (R 0 )
To calculate ψ n K |R|ψ n K , we adopt the argument in Ref. [24] , where the average position x of the extended wave function under the PBC should be calculated as
in which δK = 2π/L. Therefore, the matrix element ψ n K |R|ψ n K should be modified as ψ n
With some algebraic calculations, one has
in which Σ i r i is the summation of Combining Eqs. (11) and (13), one obtains
in which we have used a compact notation |u n K , according toĤ(K)|u n K = E n K |u n K . In the limit of thermodynamics, Eq. (14) becomes
Therefore, we know that the c.m. Zak phase is related to the c.m. position of multi-particle Wannier states. The result can be also generalized to 1D superlattice or model in higher dimension.
B. Model
With the theory of describing the many-body topological properties in hand, we would like to explore the existence of interaction-induced topological states. We consider two spin-1/2 particles trapped by a state-dependent optical lattices [25] [26] [27] [28] . The state-dependent lattices considered here consists of two lattices, which have the same periodicity but different phase ∆φ. These two different particles are trapped separately. The phase difference between two lattices indicates they have a relative spatial shift in real space, as shown in Fig. 1 . The Hamiltonian of this system can be written aŝ
whereĉ † σ,l andĉ σ,l are respectively the creation and annihilation operators of spin-σ particles in lth site (σ =↑ , ↓, l = 1, 2, · · · , L). We suppose there are only the intra-species tunnelings J σ , and the inter-species tunnelings (spin flip) are forbidden. Thus, the particle number of each species is conserved. Furthermore, we assume nearest-neighbor (NN) inter-species interaction between spin-up and spin-down particles are present. The interaction strength will depend on the relative distance between the particles, and can be tuned via Feshbach resonance [29] . As the two lattices have relative shift, there are two kinds of NN interaction strengthes V 1,2 , as depicted by the grey-dashed lines in Fig. 1 . Without loss of generality, the interaction is assumed to be repulsive (V > 0) by default in the following context.
Sketch for 1D state-dependent lattice where two kinds of spin-1/2 particles are trapped separately. The phase of two periodic lattices have relative spatial shift. Blue and red lattices represent the periodic potential for spinup and spin-down particles respectively. Arrows represent the nearest-neighbor tunneling. Grey shadings represent the nearest-neighbor inter-species interaction. The labels of sites are shown, and we will adapt this convention of labelling the sites in this work.
C. Solving the two-particle energy bands
We first consider only two particles with different spin in this system, as this can be easily solved and may shed the light on some significant physics. The two-particle subspace can be spanned by the following basis
where r ↓ (r ↑ ) refers to the position of a (b) particle. Considering lattice with L ↓ = L ↑ = L sites, the dimension of the Hilbert space is L 2 . According to Sec. II A, the eigenstates of cotranslation operator are found to be
where r ↓ = r b + r ab . To be explicit, we have used the notation r ba to label the eigenstates of cotranslation operator according to relative distance between two particles. This is a convenient way to distinguish the seed basis. As discussed in Sec. II A, the choice of r ↓ and r ↑ determines the gauge. In this calculation, we fix r ↑ = 0 and let r ↓ = r ↓↑ . Then the seed basis used here are
The Bloch Hamiltonian can be derived from (16) as
which is a L-by-L matrix in the basis of |K, r ↓↑ . For convenience, we arrange the basis in the order of {|K, r ↓↑ } by r ↓↑ = 1, 2 . . . , N/2 − 1, −N/2, −N/2 + 1, . . . , −1, 0. In this manner, the matrix representation of H(K) reads
By numerically diagonalizing the Bloch Hamiltonian Eq. (20) for all c.m. quasi momentum K, we obtain the energy bands of the system within first Brillouin zone.
In the non-interacting case, the system is simply the direct product of two normal lattice. Correspondingly, the c.m. quasi momentum is an average of two single-particle momentum K = (k ↓ + k ↑ )/2. The energy bands with respect to K = (k ↓ + k ↑ )/2 is shown in Fig. 2 (a) . For strong interaction, there appear one continnum and two isolated bands, as shown in Fig. 2 (b-d) . The continuum corresponds to states that two particles move quasi independently. The isolated bands correspond to bound states, where particles are bound by interaction and perform correlated dynamics. The appearance of two isolated bands is because there are two kinds of interactions V 1,2 . We find that when V 1 = V 2 , or V 1 = V 2 and J ↓ = J ↑ , there is a gap between the isolated bands, as shown in Fig. 2 (b) and (d), respectively. However, when J ↓ = J ↑ and V 1 = V 2 , the two isolated bands become gapless, see Fig. 2 (c) .
D. Topological nature of isolated bands
As pointed in the previous subsection, the system is the direct product of two simple lattice under interactionfree condition. It is already known that this system is completely topologically trivial. For strongly interacting condition, the two isolated bands are away from the continuum band. Since the two particles within the continuum band are quasi independent, and the lattices are both trivial, the continuum states should also be trivial. It is more intriguing to explore the topological properties of isolated bands.
Discrete symmetry and quantized Zak phase
We note that, if V 1 = V 2 = V , the Bloch Hamiltonian Eq. (20) possesses the c.m. inversion symmetry
where
and I 2 = 1. The c.m. inversion symmetry manifests that the system is invariant if the relative distance of two particles r ↓↑ = r ↓ − r ↑ are reversed r ↓↑ → −r ↓↑ . This is the results of symmetry of interaction and the cotranslation symmetry. The eigenstates of H(K) and H(−K) are therefore connected via
where θ(K) is a K-dependent function with θ(K + 2π) = θ(K) + 2πm. Therefore, one can obtain the following relation
and hence the Zak phase is given as
which implies that the Zak phase of the system is quantized to 0 or π mod 2π [20, 30] . It is quite easy to understand why the Zak phase is quantized by considering the relation between Zak phase and the c.m. position of multi-particle Wannier states. The c.m. inversion symmetry requires that the c.m. position of the multiparticle Wannier states should be centered at either of the two inversion-symmetric points of the lattice. This can be seen from Eq. 15 that, since the Zak phase is quantized to 0 or π mod π, the center of multi-particle Wannier state R w = R 0 + γ n Zak /2π would take halfinteger value, indicating it is only centered at inversionsymmetric points.
In addition, the system also possesses the time-reversal symmetry
in which T = K is only the complex-conjugation operator. As shown in the previous section, the isolated bands of this system are well separated from continuum as long as the interaction is strong enough, and they are still gapped from each other in the thermodynamic limit if J ↓ = J ↑ . We can therefore evaluate the Zak phase of the isolated bands according to Eq. (8) . We identify that there are two topologically different phases, characterized by the quantized Zak phase. If |J ↓ /J ↑ | > 1, the system is trivial, with the Zak phase γ Zak = 0. If |J ↓ /J ↑ | < 1, the system is topological, with the Zak phase γ Zak = π. The gapless condition J ↓ = J ↑ is characterized as the topological transition point.
It is known that, in the conventional topological band theory, the Zak phase is affected by the choice of unit cell [31] and the gauge of Fourier transformation [19] . As stated in Sec. II A, the choice of seed basis affects the c.m. Zak phase. For example, if instead one chooses a different kind of seed basis r ↓ ≡ 0, r ↑ ≡ r ↓↑ = 0, 1, . . . , N/2 − 1, −N/2, −N/2 + 1, . . . , −1, the off-diagonal matrix elements −(J ↓ + J ↑ e −iK ) in Eq. (20) would be changed to −(J ↑ + J ↓ e −iK ). In this gauge, there is γ Zak = 0 if |J ↓ /J ↑ | < 1 and γ Zak = π if |J ↓ /J ↑ | > 1. However, the difference between these two phases is δγ Zak = π mod 2π, which is independent of the choice of gauge. In other words, these two phases are still topologically distinct in this gauge choice. In the next section Sec. III, we will present the topological pumping, which will further prove there are two distinct phases.
Effective single-particle model for the isolated bands is derived up to second order in Appendix. A. The effective model shows a zigzag geometry, which still preserves the similar inversion symmetry.
Bulk-edge correspondence
Keeping V 1 = V 2 = V , we proceed to investigate the existence of topological edge bound-states by imposing the open boundary condition (OBC). In fact, there are two different strategies to determine how the edge is terminated. One kind of the OBC is that L ↓ = L ↑ , where the edge breaks the c.m. inversion symmetry, and we shall mention it by the asymmetric boundary. Another kind of the OBC, mentioned by symmetric boundary, is that L ↓ = L ↑ + 1, which preserves the c.m. inversion symmetry. In the main text, we only consider the symmetric boundary. For more discussions about these two kinds of terminations, see Appendix. B.
By varying the ratios of J ↓ and J ↑ , we find that there are doubly degenerate in-gap states between the bulk of bound states only for |J ↓ /J ↑ | < 1, as shown in Fig. 3  (a) . To uncover the properties of the in-gap bound states, we calculate the correlations of the two particles Γ l,l = n ↓,l n ↑,l . The correlation pattern shown in Fig. 3 (b) clearly reveals the in-gap states are strongly localized and correlated, indicating the existence of edge boundstates. For comparison, the bound states in bulk of band are highly delocalized but still bound together, see Fig. 3 (c). The appearance and disappearance of in-gap bound states at edges is in agreement with our analysis in the bulk topology. As stated in Sec. II A, the c.m. Zak phase is related to the c.m. position of multi-particle Wannier states within a cell. Non-trivial Zak phase leads to extra density accumulation at the terminated edge if the edge is commensurate to the c.m. inversion symmetry. This phenomenon is usually called the bulk-edge correspondence [3, 30] .
III. INTERACTION-INDUCED THOULESS PUMPING
In this section, we would like to explore the topological pumping of bound states induced by the interaction effect. Recalling that by adding modulation of on-site energy and tunneling, the SSH model is extended to the Rice-Mele model [32] . In the topological Thouless pumping scheme [2, 33] , the two distinct topological phases are connected through breaking the chiral (inversion) symmetry without closing the energy gap. After one period of pumping, the Zak phase winds for 2π, and the polarization is changed for a quanta. The Thouless pumping has already been realized experimentally and quantized particle/charge transport is observed [34] .
For interacting system, the topological pumping of two interacting bosons [7] and many-body case [35, 36] has been investigated. However, these interacting models have the topological single-particle counterpart in the interaction-free condition. Here, we propose a scheme to realize the quantized particle transport based on the interaction-induced topological bound states discussed in previous section. In the same spirit of topological Thouless pumping, we add the modulations of both interaction and tunneling terms into our model, which are given aŝ with ∆(t) = ∆ 0 cos(ωt + ϕ 0 ). Here, δ 0 and ∆ 0 are the modulation strengthes of hopping and interactions, ω is the common modulation frequency, and φ 0 is the initial phase. The full modulated Hamiltonian isĤ(t) = H J (t) +Ĥ V (t). Experimentally, the modulation of tunneling can be realized through modulating the height of periodic potential. For the modulation of interaction, it can be implemented by tuning relative position of the two periodic potential [28] , where the interaction is assumed to depend on the relative distance between particles. The demonstration of the pumping process is shown in Fig. 4 (a-e). Note that our pumping scheme is essentially different from the coherent transport using state-dependent lattice in Ref. [28] . Under the PBC, our pumping scheme adiabatically connects two distinct topological phases of bound states via breaking the c.m. inversion symmetry without closing the gap. As shown in Sec. II A, the c.m. Zak phase indicates the c.m. position within a unit cell. After a pumping cycle, the Zak phase changes 2π, and corre-spondingly, the c.m. position of particles are shifted for a unit cell. This is also a useful approach to justify the topological nature. Consider ϕ 0 = 0, T = 2π/ω, the resonant tunneling between the two nearest-neighboring positions mainly occurs at t = T /4 and t = 3T /4 during the pumping cycle, which is protected by the non-trivial topology [37] .
To ensure the existence of energy gap between isolated bands and continuum band, we focus on the regime that |V ± ∆ 0 | |J ± δ 0 |. The bound-state energy bands in a closed K − t space are shown in Fig. 4 (f) . According to Eq. (9), we calculate the Chern number of these two bands numerically, and the results are C = ±1 for lower and upper bands, respectively.
As a verification of the topological pumping, we further simulate the quasi-adiabatic pumping numerically. We start with two interacting particles in nearestneighboring site as an initial bound state. The c.m. position of the particles and their distribution during the time evolution are presented in Fig. 4 (g-i) . The result shows that the c.m. position of particles is shifted for one unit after a complete period, which is in agreement with the result of c.m. Chern number.
IV. SUMMARY AND DISCUSSIONS
In summary, we have investigated the topological nature of interacting bound states and their transport in a state-dependent lattice. We find the existence of topological bound states protected by the c.m. inversion symmetry. This kind of symmetry requires the system should be invariant under the interchange of two kinds of distinguishable particles. The topological nature of bound states can be well characterized by the quantized c.m. Zak phase. As a result of bulk-edge correspondence, there appear topological edge bound-states corresponding to nontrivial c.m. Zak phases. The repulsive bound pair can be regarded as the two-hole excitation of a filled attractively interacting system. Therefore, to some extent, the topological bound states reflect the topological excitations in interacting many-body quantum system. Furthermore, the c.m. inversion symmetry in our system may suggest the possible existence of symmetryprotected (SPT) phase [38] for the many-body ground state.
It should be noted that we assume no coherent population transfer between two internal states. This is essential for realizing the c.m. inversion symmetry. If there is such kind of population transfer, two particles become indistinguishable. Therefore, the c.m. inversion symmetry does no longer exist, since exchanging the relative position of two indistinguishable particles has no physical meaning. Without this essential symmetry, the Zak phase will no longer stay quantized. This means the coherent population transfer is a symmetry-breaking term.
On the other hand, we have also proposed a topological Thouless pumping via periodically modulating interaction and tunneling simultaneously. We obtain a non-trivial c.m. Chern number which is evidenced by the quantized shift of the c.m. position in the pumping process. Moreover, although both systems involve state-dependent lattices, our topological transport is different from the coherent transport via shifting the potential [28] . In our scheme, the periodic potential is assumed to shift back and forth, instead of shifting monotonously. The interplay between interaction and tunneling plays important role during the pumping. In future, it is intriguing to investigate the pumping of ground state via mean-field approximation or density matrix renormalization group.
Our model may be realized in current cold atoms experiment. The state-dependent optical lattice is an ideal platform [25, 28] in which the interaction and tunneling are highly controllable. Besides, there are some other systems or techniques being the possible candidates for realizing the interaction-induced topological bound states, such as the synthetic zigzag optical lattice [39, 40] . We also note that our model is similar to that in Ref. [41] , and therefore the experimental consideration may be shared. 
